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Abstract
The logarithmic ultraviolet divergence in the θ-term induced by electroweak interactions
in the Kobayashi-Maskawa model of CP -violation, found by Ellis and Gaillard, is discussed.
We relate it to the Jarlskog CP -odd invariant of quark mass matrix. The divergence arises
in 14th order in Higgs coupling as well as in 12th order plus 2nd order in U(1) gauge boson
coupling.
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The purpose of this note is to comment on the connection between the infinite renormal-
ization of the θ-term found by Ellis and Gaillard[1] in the Kobayashi-Maskawa (KM) model
of CP -violation and the Jarlskog invariant[2] of quark mass matrix for CP -violating effects
in this model.
It was first noted by Wilczek[3] that the parameter θ in the structure
θ
g2S
32pi2
GaµνG˜
a
µν (1)
can get infinitely renormalized due to CP -violating electroweak interactions. Then it was
shown in ref.[1] that such infinite renormalization can occur only starting from 14th order in
the weak coupling gW . It looks only natural that operator (1) of dimension 4 gets infinitely
(logarithmically) renormalized. Amazing is such a high order of perturbation theory where
the infinite renormalization shows up.
On the other hand due to the GIM mechanism the very existence of this ultraviolet
logarithmic divergence may look strange. Indeed in a renormalizable gauge the ultraviolet
divergence of any loop contributing to the operator (1) cannot be stronger than logarithmic
one. One may expect that the GIM mechanism leads to cancellation of logarithmic diver-
gencies in the θ-term. Such an improvement of the ultraviolet behaviour takes place indeed.
In particular the order g4W g
2
S correction to the θ-term turns out to be finite even in the local
limit of the four-fermion interaction[4].
The crucial observation of ref.[1] is that the θ-term divergence arises in a renormalizable
gauge not due to the W±-exchange, but due to the Higgs one. The Higgs coupling with
fermions has the form
φ0 (D¯LHDDR + U¯RH
†
U UL) + φ
+ (U¯LHDDR − U¯RH
†
U DL) + h.c. (2)
Here φ0, φ+ are the Higgs field components,
U =


u
c
t

 , D =


d
s
b

 (3)
are the sets of up and down quarks, HU , HD are the Higgs coupling matrices directly related
to the mass matrices MU , MD of U- and D-quarks:
HQ =
gW
2mW
MQ, Q = U,D. (4)
The coefficient gW/2mW in eq.(4) has the well-known meaning of the inverse vacuum expec-
tation value of the neutral Higgs field.
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Let us emphasize that GIM cancellation occurs differently in the Higgs exchange and in
the W -boson one (in a renormalizable gauge). In more common W case it is due to the
subtraction of fermionic propagators with different masses which improves indeed ultraviolet
behaviour of loops. For the Higgs exchange the fermion mass differences discussed can be
organized directly as a proper combination of the Yukawa coupling constants. The difference
in the mechanism can be conveniently formulated in the symmetric (unbroken) phase. In the
first, W case expansion in masses can be interpreted as an emission of neutral Higgs quanta
with vanishing 4-momentum. Meanwhile in the second case we deal with the exchange by
virtual Higgs quanta and the integration over their 4-momenta, i.e., with true radiative
corrections in the Higgs coupling.
The necessary combination of the Higgs coupling constants is fixed in fact by the CP -odd
nature of the θ-term. It coincides (up to a factor) with the CP -odd invariant of the Higgs
coupling matrices (mass matrices) found in ref.[2]:
J = Imdet[HUH
†
U , HDH
†
D] = (
gW
2mW
)12Imdet[MUM
†
U , MDM
†
D]. (5)
It is convenient to use the following representation of the mass matrices:
MQ = e
iηQ LQM
d
QR
†
Q (6)
where MU,D = diag(mu,d, mc,s, mt,b) are positive definite diagonal mass matrices of up and
down quarks, LQ and RQ are unitary unimodular matrices. Two more parameters in eq.(6)
are the U(1) phases ηU,D. The CKM matrix V is then
V = LUL
†
D (7)
The perturbation expansion of the θ-term in the Higgs coupling (in renormalizable gauge)
dictates just the form (5) of the invariant. Its explicit relation to the CP -odd invariant of
the CKM matrix V is[2]
J = (
gW
2mW
)12(m2t −m
2
u)(m
2
t −m
2
c)(m
2
c −m
2
u)(m
2
b −m
2
d)(m
2
b −m
2
s)(m
2
s −m
2
d) j (8)
j = ImVcsV
∗
usVudV
∗
cd (9)
In the standard parametrization[5] j = c12c23c
2
13s12s23s13 sin δ13. Let us note that to derive
eq.(8) it is convenient to use the simple relation detC = (1/3)Tr(C3) for a traceless ma-
trix C = [MUM
†
U , MDM
†
D] and the observation[2] that the imaginary part of the product
VijV
∗
kjVklV
∗
il either coincides (up to a sign) with j in eq.(9) or vanishes.
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The necessity of using the combination MQM
†
Q in eq.(5) is determined by the indepen-
dence on right-handed rotations RQ. Simultaneously it guarantees the independence on U(1)
phases ηQ. Certainly one could use arbitrary powers of MQM
†
Q in the commutator (5) (see
ref.[2]). Being interested in the lowest possible order in the Higgs coupling we are limiting
ourselves just by the first power.
Let us come back now to the original problem of the possible logarithmic divergence in
the induced θ-term, θind. From the CP -odd nature of the effect it is clear that it should be
proportional to the invariant (5),
θind ∝ J logMuv (10)
where Muv is an ultraviolet cut-off. Eq.(10) implies immediately that the divergence might
appear in 12th order in the Higgs coupling. Let us note that in the study of the logarithmic
divergence (10) it is sufficient to consider the unbroken (symmetric) phase of the theory,
with massless fermions and vector bosons.
Actually the divergence (10) is absent even in the 12th order. This is due to the invariance
of the fermion-Higgs interaction (2) under the substitution3
φ =

 φ
+
φ0

 ↔ φc =

 φ¯
0
−φ¯−

 , UR ↔ DR, HU ↔ HD. (11)
However, the r.h.s. of eq.(10) is odd under this transformation, J → −J . Therefore to the
12th order the effect still vanishes.
One way to circumvent this cancellation between up and down quarks was found in
ref.[1]. It is to take into account the interaction with the U(1) neutral vector boson (linear
combination of a photon and Z-boson) coupled to the weak hypercharge Y which is different
for right-handed U and D-quarks, Y (UR) = 4/3, Y (DR) = −2/3. Then the logarithmic
divergence in the θ-term arises in 14th order, 12th in the Higgs coupling and 2nd in the
vector boson one:
θind ∝ (g′W )
2 [Y 2(UR)− Y
2(DR)] J logMuv (12)
where g′W is the U(1) gauge coupling constant. The expression (12) is obviously invariant
under the transformation (11). We would like to point out here that the effect arises also
without going beyond the fermion-Higgs sector, to 14th order in the Higgs coupling:
θind ∝ Tr(HUH
†
U −HDH
†
D) J logMuv. (13)
3The invariance (11) is a leftover of a global SU(2)R symmetry exact in the limit HU = HD.
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It is due to the extra Higgs exchange instead of a vector boson one.
We wish to make few comments more. Let us consider Feynman diagrams generating
the effective θ-term (see fig.1). Here dashed lines denote external gluons, solid lines refer
to fermions, Higgs and U(1) boson exchanges are confined in rectangular blocks. Strictly
speaking, the θ-term (1), being a total derivative, vanishes in the effective action after
integrating over 4-coordinates. To avoid the complication one can use, e.g., the external
field technique.
The induced θ-term is split into two parts due to diagrams 1a and 1b respectively
θind = θinda + θ
ind
b . (14)
In fig.1a both gluons are coupled to the same fermion while in fig.1b their vertices are
separated by electroweak exchanges. In fact, diagram 1a gives nothing else but the θ-term
generated by the induced CP -odd phases of fermion mass matrices,
θinda = η
ind
U + η
ind
D (15)
where ηU,D are defined by eq.(6). This is just that contribution to θ
ind which was discussed
in ref.[1].
There are some subtle points in the calculation of diagram 1a. Namely, the last integration
(over the momentum of a fermion coupled to gluons) is of infrared nature. It should be
regularized by the explicit introduction of the fermion mass mF so that this integral is
dominated by momenta p ∼ mF .
There are no complications of the kind in θindb , the part of θ
ind due to the “irreducible”
diagram 1b which is completely dominated by high momenta p ∼Muv. So, the above analysis
leading to formulae (12) and (13) is directly applicable to this contribution to θind.
Coming back to the CP -odd part of the fermion mass operator (rectangular block in
diagram 1a), it is interesting to note that this part arises already to 8th order in the Higgs
coupling. For instance, CP -odd mass operator of u-quark can be shown to have the following
structure:
ηu =
mCP−oddu
mu
∝ (
gW
2mW
)8(m2t −m
2
c)(m
2
b −m
2
s)(m
2
s −m
2
d)(m
2
d −m
2
b)j logMuv (16)
where j is the CP -odd invariant (9) of the CKM matrix. The derivation of eq.(16) is similar
to that of eq.(8). In terms of the initial invariant J (see eq.(5)) expression (16) is singular
in the mass differences:
ηu ∝ (
2mW
gW
)4
J logMuv
(m2u −m
2
t )(m2c −m
2
u)
(17)
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It looks contradicting to our above analysis where we assumed a proportionality to J without
extra singularities in the Higgs coupling. The explanation of the singularity in eq.(17) is
as follows. It arises in the limit of degenerate U -quarks. But when we are dealing with
degenerate states, it is only the sum over them which should be nonsingular in the parameter
of degeneracy[6]. Indeed, adding up the 8th order contributions of U -quarks into θind (see
eqs.(15) and (6)) one gets zero:
ηindU = η
ind
u + η
ind
c + η
ind
t = 0. (18)
Of course, the similar effect takes place for D-quarks. Moreover, the same cancellation
persists in 10th order in the Higgs coupling where the singularity, say, of ηindu is one power
less than in eq.(17). No singularity at all occurs in 12th order, ηU ∝ J logMuv. However,
in this order the cancellation takes place between U - and D-quarks, ηindU + η
ind
D = 0. In this
way the part of θ generated by the mass matrix, θinda , has the same form (12) or (13) as the
“irreducible” one, θindb .
In conclusion let us note that at any reasonable value of the ultraviolet cut-off parameter
Muv the discussed 14th order contribution to the θ-term is absolutely negligible numerically.
The leading finite correction to the θ-term arises in the g4Wg
2
S order[4]. It is “irreducible”,
i.e. it is not generated by the CP-odd part of fermion mass operator.
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Fig. 1. Diagrams generating θ-term
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